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Abstract. We give a necessary and a sufficient condition for the boundedness 
of the Toeplitz product TpTq* on the vector valued Bergman space L^(C"), 
where F and G are matrix symbols with scalar valued Bergman space entries. 
The results generalize those in the scalar valued Bergman space case [4]. We 
also characterize boundedness and invertibility of Toeplitz products TpTc- 
in terms of the Berezin transform, generalizing results found by Zheng and 
StroethofI for the scalar valued Bergman space [8]. 



1. Introduction 

1.1. Notation. For a measurable function /: D ^ C" with (Jjj | |/(z)| |^„(iA(z))p < 
oo, we say that / £ LP(D,C"'). The vector-valued Bergman space Lg(D,C") is the 
intersection of L^'(D,C"), with the analytic C"- valued functions on D with the 
usual identification of functions which only differ on sets of measure 0. The norm 
is given by ||/||Lg(C") = {Jo\\f{z)\\c"dA{z))p, where dA is normalized Lebesgue 
measure on the unit disk D. In the case p = 2 this space becomes a Hilbert space 
with the inner product given by {f,g) — Jj^^ {f{z), g{z))^n dA{z). and L"^ are 
Banach spaces for 1 < p < cx). For details see for example [l4] . 

On the scalar valued Bergman space L^, the Toeplitz operator with symbol 
/ £ is the densely defined operator TfV = P{fv), where P is the orthogonal 
projection from into and w is a polynomial. The Toeplitz operator is a 
multiplication operator composed with an orthogonal projection. The Bergman 
projection is explicitly given by the following integral; 

fH 
{i-zwy 



Pf{w) = {f,K^) = / jfLl^^dAiw), 



where Kw{z) ~ f^-^_^—yi is the reproducing kernel of the Bergman space ^2(0). So 
using this explicit form we can define a Toeplitz operator on a dense subset of L^, 
the polynomials, with symbol in rather than L°° . We can also see that with a 
symbol f £ and v G L^, Tfv{w) is well defined point-wise for each w G D. 

In [1] Sarason conjectured that a product of Toeplitz operators (defined densely 
in an appropriate way for analytic functions / and g) TfTj on the Hardy Space 

is bounded if and only if was uniformly bounded on the disc, f{w) 

being the Poisson integral of /. This turned out to be false ^19j. 
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Another conjecture by Sarason dealt with in [H O O [7l O [9j and [10] was as 
to when the densely defined operator TfTj is bounded on for f,g G L^l The 
question was originaly posed by Sarason in [1] and a conjecture in section 8 of fl] 
more explicitly resembles Sarason's Hardy space case conjecture. This time it is 
conjectured that the Toeplitz product TfTg is bounded for analytic / and g on the 

Bergman space if and only if is uniformly bounded, where / is 

the Berezin transform of /. 

The question is investigated in various different cases, such as the weighted 
Bergman space with standard weights and the Bergman space on the unit ball 
and polydisk. These papers prove results that approximate to the Bergman space 
version of Sarason's conjecture as stated in section 8 of [4]. The purpose of this 
paper is to investigate products of Toeplitz operators on a Bergman space of vector- 
valued functions. In the case of the vector valued Bergman space L^(C"), we define 
the Toeplitz operator to be the densely defined composition of multiplication with 
a matrix valued function and the orthogonal projection from L^(C") into L^(C"). 
So in this case the symbol F will be a matrix of functions and Tpv = P{Fv), 
where w is a bounded analytic C" valued function. If 

//ll /l2 ...\ 

hi ■•• 
V : 

and V — (f 1, f2, ■ ■ ■ , ^n), where fij G and Vi G 77^, then 

/ n n n \ 

Tpv = P{Fv) ^P\^ fuVi,^ hiVi, • ■ • , X! " 



,1=1 1=1 



Pf21 

V : / 

where each Tf.. is a densely defined Toeplitz operator on the scalar Bergman space 
L^. When looking at products of these Toeplitz operators analagous to the treat- 
ment in [4] we have products of the form TpTa* , where F and G are square matrices 
of scalar valued Bergman space functions. 

1.2. Main Theorems. The first two main theorems follow, one giving a sufficient 
condition for the Toeplitz product TpTc* to be bounded and the other a necessary 
condition. Both are conditions involving the Berezin transform; 

Definition 1.1. The Berezin transform of a matrix A with entries is the matrix- 
valued function B{A), where B{A){w) = J{A o (f>jjj){z)dA{z), w G D, composition 
here being composition with each matrix entry. Here, (jjw is the Mobius transform 
z ^ f^. We should also note here that B{A){w) = J A{z) '^^~}^^^^t dA{z) by a 
change of variables. Defining the normalized reproducing kernel k^{z) to be "^j^^^j 
we obtain |fc^(z)p — '■[^^"'^ 



2)2 



Here is our first main result: 

Theorem 1.2. Ifforsomee > the trace of the matrix B{{F*F)^){w)B{{G*G)^ 
is uniformly bounded for all w G B), then the Toeplitz product TpTc* is hounded 
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We also have the following condition: If there exists e > such that 
( [ \ I {CtT{G{z)F{xrF{x)G{zr))"-^\K{z)\''dA{z)\\K{x)\''dA{x) 

is uniformly hounded, then the Toeplitz product TpTq* : L^(C") — > Lq(C") is 
hounded. 

Here is the necessary condition: 

Theorem 1.3. // the product of Toeplitz operators TpTq* is hounded, then the 
trace of the matrix B{F* F){w)B{G* G){w) is uniformly hounded for it; G B. 

The next theorem is the other main resuh presented here, involving a character- 
ization of bounded and invertible ToepUtz products. 

Theorem 1.4. 

The Toeplitz product TpTc* is hounded and invertible if and only if the trace of the 
matrix B{F*F){w)B{G*G){w) is uniformly hounded and there exists rj > with 
{FG*GF*){z) > rjl for all z G B. This last inequality is a matrix inequality. 

2. Bounded Toeplitz Products 

2.1. A Sufficient Condition(Proof of Theorem II. 2p . The technique in [4J for 
showing a sufficient condition on the boundedness of a Toephtz product involves 
an inner product formula that easily generalizes to the vector valued case. So for 

{f,g)LHC")= / {fi^-)^9{z))cr^dA{z) 
Jo 

= 3 / (l-|zpf(/(z),.9(z))c„dA(z) + 
Jo 

i / il-\z\Y{.nz),g'iz))^^dAiz) + l- I {l-\z\^f{nz),g'{z))^^dA{z). 
^ Jo Jo 



So to estimate the norm of TcTp, we will look at the inner product 
{TcTpU, v)j^2(^cn) with v,u G L^(C") in the form just given. 
Let us start by estimating the term {TF-'{u){w),TQt{v){w))f^n. 

Definition 2.1. For /, 5 e L^iB) , define the rank 1 operator /(g)g : ^^(B) L2(B) 

by 

if®g)h^{h,g)f 

for h e L^{I])). 

Also for F,G€ M„x„(L2(D)), define the operator F®G : ^^(D, C") ^ L'^i^, C") 

by 

El hi ®9U 



{F®G)h 



for h e L2(B,C"). 



VEz Im ® 9li In 



' 92i 
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Theorem 2.2. 

{Tf^{u){w),Tg^{v){w)) 



(1- Wio 
where is the normalized reproducing kernel. 

Proof. 

{Tf"{u){w),Tg'{v){w)}c 



{{Gkyj ® Fky,)u{z), v{z))c^ dA{z), 



F*iz)u{z)K^{z)dA{z), / G*{Ov{OKy,{C)dA{0) 

= / / {G{OKUO{F{z)KUz)ru{z),v{0)^^dA{z)dA{C) 
Jo Jo 

7^4;n2T2 / / {G{OkUO{F{z)kUz)ru{z),v{0)cndA{z)dA{0 

[I — \W\ ) Jd Jd 

{{Gk^^Fk^u){0,v{C))cndA{C). 



(l-hP)^iD 



□ 



Lemma 2.3. 



n n n n 



\\iF(^G){G(^F)\\,p ~ trace{(F®G)(G®F)} = J2Y. 12Y.ifi-' ^i^h^ {9mi,9mr)L^ 

q=l m=l r=l 1=1 

Proof. As (F (g) O F) is of finite rank the trace of {F ® G)(G O F) will 

be an equivalent norm. We can express F ^ G as a matrix of operators on the 
scalar Bergman space with the entries <8) 9ji]i,j- We can then express 

{F (g) (g) F) in a similar manner; 



n I n 



XI \ ^fa® 9mi \ 9ml ® f: 



.m=l 
n / n n 



m—1 \r—l l — l 



Noting that we have as an orthonormal basis ei^m = (0, • • • , 0, z^y/T+T, 0, . . .) i.e. a 
vector with each coordinate apart from the mth entry which is the 1th orthonormal 
basis element of the scalar valued Bergman space. So the trace of the operator 

(F® G)(G(g)F) win be 

^{{F(3G){G(3F) 

P,Q 

n oo n / n n „ \ 

= EEE (Y.J2{^''V^J<,l)^j9ml,9mr)L^ / f,r{z)zP./lT^dA{z)\ . 

q=l p=l m=l \r=l 1=1 ''^ / 

We can write each as a power series X^^^ 0's,ijz''V^ + s and thus this trace 
becomes 
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n oc n / n n 



l '^p,?/ {gmligmr) 1,2 ap^gr 1 

g— 1 p— 1 m— 1 \r— 1 /—I / 

and thus by Parseval's identity the expression for the trace becomes; 



n n / n n 



q—1 m— 1 \r— 1 l — l / 



□ 



Theorem 2.4. \\Gk^®FkJ\\op « {tr{B{G* G){w)B{F* F){w)))i . 

Proof. Using Lemma [^31 we can see that as HGfc^ ® -Ffc^iiHop is equivalent to the 
square root of the trace of the operator {Gkw ® Fk^){Fkw ® Gk^j) and this is equal 
to 



n n / n n. 



E E E E (A- /^'I^-Hl^ (5mv, - tr{BiG*G)iw)BiF*F)iw)) 

q=l m=l \r=l /=1 / 

we immediately have our result. 

□ 

Definition 2.5. The operator Pq defined on Lp{3) is the operator that sends 
/ e to the function given by {Pof){w) = jj^^^dA{z). 

Elements from the following two theorems are borrowed from Theorem 3.2 in 

Lemma 2.6. // we have a scalar valued integrable function h and a scalar valued 
Bergman space function v then for each w G B, 



xh{x)\v{x)\ 



(1 — xw)^ 



dA{x)<2^ I \h{x)\'+^\p^dAix)\ ■ {(Po|^|*)H}^ 



Here, /or e > 0, 5 = f±f . 
Proof. By Holder's inequality, 



xh{x)\v{x)\ 



< 



(1 — xw)^ 

\h{x)\^+' 
|1 — xw\'^ 



dA{x) < 
dA{x) 



l-\w\^ 



\h{x)\\l — a;i(;||u(a;)| 
\l-xw\^ 

\l-xw\^\v{x)\^ 



dA{x) 



|1 — xwl"^ 



dA{x) 



\h{x)\ 



2+e I few (a:) P 



l-\w\' 



dA{x) 



\^-\M'\^H-)UAix) 

|1 — Xlfpjl — XW\ ' + 1 



and our result follows from the fact that 

|2 



1 - \w\' ^ (1 - H)(i + \w\) ^ (1 ~ H)(i + H) ^ (1 - \w\){i + \w\) ^ 

\l-wz\- \l-wz\ - \l-\w\\z\\ - \l-\w\\ - +1 I ^ • 



□ 



Let us now take a look at (Tp* (u)'(u'), Tq. 
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Theorem 2.7. Letw eB. Then 

|(T^.H'H,TG.(t;)'M)c„| 



< C 



1 - |u;|2 ' 'J 1 - |wP 
x{(Fo||^^||^.)H}M(^o||x'||^.)H} 



< C ({tr{B{{F*F)^){w)B{{G*G)^){w))y 



(1- |w|2)2 

x{(FolHI^.)H}M(^o||Hlc")H}" 
where C is a constant, e > and j- = 1 — j^^. 

Proof. First note that for a functfon m e Ll{D, C") 



so that 



\{Ti..{uy{w),TG^{vy{w)), 



F*{z)u{z)K'^{z),G*{x)v{x)K'^{x)) dA{z)dA{x)\ 



< 



\\G{z)F*ix)\\c^op\\uiz)\\\\v{x) 



1 — wz 



Kni{x) 



1 — wx 



Then using Lemma with h{z) = ||G(z)F*(a;)||c"op||^'(a;) 
the foUowing inequahty, 



dA{z)dA{x)\ 



we arrive at 



\{Tp,{u)'{w),Tg^{v)'{w))^„\ 



< 2 



\\G{z)F*{x)\\c^op\\v{x 



1 — 



2+e 



1- 



i\\G{z)F* (x) I |c..op)'+^ I I 



1 — wx 



dA{x){{Po\\u\\'){w)y 



where e > and i = 1 — 77^. 

o 2-\-e 



Again using Lemma[2l]but this time with h{x) = | /„ i\\G{z)F* {x)\\c'^opf~^' '^^"[^1^ c?A(z)| ' 

|(r^.H'H,TG.(«)'M)c.| 



to see that 



< 4 



< 4 



1 — |wp J 1 ~ Ifi"! 



TOEPLITZ PRODUCTS ON L^(C") 



7 



x{(Fo||^||^.)M}M(^o||t'||^.)H}' 
(This is what we want but we can go a step further and get something that 
looks even more similar to the analogous result in the scalar case.) Letting the 4 
be absorbed into the constant C and using the inequality on matrix norms from 
[13], theorem IX. 2. 10 on page 258, we see that 



< / { I {C\\{G{x)F{zyF{z)G{xy)\\c^,,)^'-^^^dA{z) 



1- 



x^^^^rfA(x)^ {mu\\'c^){w)y {(Poibii^.)H}" 



< I W (q|((G*G(x))ii^*^^(.)(G*G(x))^)||c.op)'*'^^dA(z) 



x^^^rfA(x)^ {{Po\\u\\t:.){w)y {{P,\\v\\i.){w)y 



< I \ I G||(G*G(a:))^(F*i^(z))^(G*G(x))^||c.„pMflpdA(z) 



< 



><rz^^^(^)^ {(Po\\u\\i.){w)y {iPo\\v\\i.)iw)y 

Ctr (S [(F*F)'i') {w)B ((G*G)^) [w)) ^^^^ {(^olkll^OH}^ 



xK/'oll^ll^OH}' 

where B is the Berezin transform and G is a constant that is possibly different 
from line to line. □ 



Now let us use the estimates from theorems 12.21 and 12.71 in the inner product 
formula. Taking our inner product formula 



(7>*(")>Tg-(w))l2(c-) = / {TF'{u),TG'{v))c,r.dA{z) 

° JO 

= 3 / {l-\z\^f {Tp,iu),TGM)c-dA{z)+\ [ il-\z\r{T^^4u),TUv))c-dA{z) + 
Jo ^ Jo 

I [ {l-\z\'f{r^.iu),T^.iv))^„dAiz), 

J JB 

let's take the term ^ /jj(l — l^;^)^ (T^. (m), Tq, (f dA{z) and estimate its mod- 
ulus; 

|i / {l-\z\Y{T^^4u),T^.iv))c^dAiz)\ 



< i I , (G. (. (iF^Ff-^) HB {iC^cf-^) H)) ^)|^x 



{PoMli.My {Po\\v\\U^)y dAiw)\ 
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< \ sup (Ctr (b {w)B ((G*G)^) {w))Y^' ) 



X / {P,\\u\\U^)Y {Po\\v\\U^)Y dA{w) 
Jo 

By Cauchy-Schwarz, this expression will be less than or equal to 
i sup (ctr [b ({F*F)^^ {w)B ((G*G)^) [w) 



x(/ {Po\\u\\U^)y dA{w)Y { j {P,\\v\\t:.{w)Y dA{w) 

now as the operator Pq is bounded for p > 1, [2J, this expression will be less 
than or equal to 



'^')I|m||l2(C")I|w||l2(C")- 



i sup (ctr (b ((F*P)^) {w)B ((G*G)^) (^ 
Estimating the term 

\ I {l-\z\^f {T'p,{u),T'a,{v))^^dA{z) 
•J Jo 

from the inner product formula is similar. 

Finally let us estimate 3 (Tp. (u), Tq. (i'))c" dA{z), We can see from 

12:21 that 

Jo 

^ II'' {Gkw® Fku,u,v)^„dA{z)dA{w)\ 



(1- 

<| / ||Gfc„«)Pfc„||opdAH||M||i2c^||w||L2c^| 

Jo 

< sup{trB{G*G){w)B{F*F){w))--\\u\\Lic-\\v\\Lic^. 

w£0 

Now we just use Holder's inequality to get an expression similar to the one in 
the previous estimate. 

tr{B{G*G){w)B{F*F){w)) 

= tr{[ G{x)*G{x)\ky,{x)\'^dA{x) [ F{z)* F{z)\k^{z)\^dA{z)) 
Jo Jo 

tr{G{x)*G(x)\k^{x)fF{zyF{z)\k^{z)f)dA{x)dA{z) 

) 

tr{G{x)*G{x)F{z)*F{z)}\k^{z)\^\k^{x)\^dA{x)dA{z) 



< / {tr{G{xrG{x)F{zrF{z)})^\k^{z)f\kUx)fdA{x)dA{z) 



by Holder. 

This is then less than or equal to 
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^(Cir{(G(a;)*G(a;))'*^(F(z)*F(z))^})|fc^(z)|2|fc^(x)|2dA(a;)dA(z)|'*' 

by Theorem IX. 2. 10 on page 258 of [13J and similar steps as before. This final 
expression is then equal to 



tr{ / {{G{xrG{x))^{F{zrF{z))^)\kUz)\^\k^{x)\'dA{x)dA{z)) 



= {tr{B {(G(x)*G(a;))^} {w)B {(F(z)*F(z))^ } H)} . 
Note that here we can use the same reasoning to see that if 

{Ctr{G{z)F{xyF{x)G{zr)f-^\k^{z)fdA{z)\\k^ix)fdA{x) 



( 

is uniformly bounded for some e > then our Toeplitz product TpTc will be 
bounded. This condition is seemingly stronger and less aesthetic than the other 
one but it will be used later on when dealing with Toeplitz products that are also 
invertiblc. Note that these last inequalities show that the sufficient condition is 
stronger than the necessary condition. 

2.2. A Necessary Condition. 

Proof of Theorem \1.3[ In [S| (see also [3] for a different approach) Park shows that 
for functions / and g in the scalar Bergman space the operator f ® g defined 
by f ^ = {h, g) f with ft, e is equal to the following, 

TfT^ - 2T,TfTgT-, + T^TfT^Tl 

Using this result in the vector valued case, we can see that 

/E hi gii E hi 921 ■ ■ ■\ 



F®G = 



E hi ® 9ii 



V 



= TfTg' -2T,TfTg'T^+T^TfTg'T^ 



J 



Let us estimate the norm of the operator {F o (j)^) (g) (G o 0^), where F o (j>^ is 
the matrix-valued function 

/ fii o (pw fi2 o (pw • • A 

/2I O 



V 



Noting that the operator {F o(j)^)®{Go(j)^) is of finite rank we can as an equivalent 
norm take the square root of the trace of the operator {F o (f)^^ ® G o (f)i^){G o cj)^ (g) 
F o (j)^) by Lemma 12.31 

Also by Lemma [^751 we can see that this will be equal to 



n n n n 



q=l 7n=l r—1 l—l 



n n n n 



X! £ Bifqrfql){w)B{gmigmT){w)), 
q—1 ra—1 r—1 l—l 



10 



ROBERT KERR 



which is equal to the trace of the matrix B{F*F){'w)B{G*G){w). 

Let Uw be the unitary operator on our vector valued space given by Uwf = 
(/ ° 4>w)kw It is well known that Tpo^j^^U^ — UyjTp. So Tpo^^ = l/wTpU^, and 
thus 

{tr{B{F*F){w)B{G*G){w))y ^ G\\F o (g, G o 

= \\{U^TfTg'K ~ 2TzU^TfTg'UIT- + T^,U.^TfTg'UIT^)\\op 
= \\{U^TfTg'K - 2U^T^^TfTg'T-^JJI + U^T^^TfTg.T^^K)\\op. 
We can now use the triangle inequality on the operator 

U^TfTg' - 2T^^TfTg'T^^ + TITfTg'TI )[/; as in 4^ to get our result, using 
that IIT^^II < 1. " □ 

In the following we will be working with square matrices F and G with entries 
from the scalar valued Bergman space L^(D). Where it is not explicitly stated 
otherwise, this will be the case. When we refer to a matrix being less than another 
matrix, F < G, we mean in the sense of Lowner partial ordering of matrices. See 
[13], [16] and [17] for details on this. 

3. Bounded and Invertible Toeplitz Products 

3.1. A reverse Holder inequality. We will now develop some of the theory 
needed to show a reverse Holder inequality used to characterize the matrices of 
analytic functions, F and G, such that the Toeplitz product TfTg* is bounded and 
invertible on the vector valued Bergman space. Compare this next lemma with 
Lemma 4.6 in [8|. 

Lemma 3.1. If F{z) is invertible for all z G D, then 

{F*{w)F{w)) < B{F*F){w), 
iF*{z)F{z)) <7^,B{F*F)iw) 

and 

{F-\w)F*'\w)) < B{F-^F*-^){w) 
{F-\z)F-'*{z)) < ,jsB{F-'F*-'){w), 

when z € D{w, s) the pseudohyperbolic disk with radius < s < 1 and centre w 
and rjg is a constant dependent only on s. 

Proof. Let e be an arbitrary vector. Then for F <E L^(C"), 



{F{u)e,F{u)e) = ( / F{z)Ku{z)dA{z)e, / F{z)Ku{z)dA{z)e 



F{z)Ku{z)dA{z)e\\i^ 
< J {Fe,Fe} dA{z)\\K^\\l, ^ Q F*{z)F{z)dA{z)e,e) WK^Wi,. 
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So if u e D{0,s) 

F*{u)F{u)< j F*{z)F{z)dA{z)\\K^\\l< j F*{x)F{x)dA{z)j^^^^^. 
li z € D{w, s) then z = (j)w{u) for some u G D{0, s) thus 

F*{z)Fiz) = F*iMu))F{Mu)) < j F*{Mx))F{cl>^{x))dA{z)j^^^^ 

= B{F*F){w)j^^^^. 
Now let us show that F''^ {w)F*-'^ {w) < B{F-'^F*-'^){w). 

{F*-\w)e,F*-\w)e) = (F*-i(<^^(0))e, i^*-i((/.^(0))e) 

J F-\cj>Uz))dA{z) J F*-\cl>Uz))dA{z)e,i 

and we arrive at the conclusion that F~^{w)F*~^{w) < B{F~^F*~^){'w) in a sim- 
ilar manner to before. 

So for z e D{w,s) we know that F-^{w)F*-'^{w) < B{F-^ F*-^){w) and 
F*(z)F{z) < B{F*F){w) ■ The other inequalities follow from applying the 

same procedure to F~^F*~^ instead of F*F. 

□ 

Lemma 3.2. // there exists i] such that F{z)G{z)*G{z)F{z)* > rjl for all z G'U 
and tr{B{G*G){w)B{F*F){w)) is uniformly bounded onB, then 

\\B{F-\F*)-')H)iB{F*F){w)i\\ 
is uniformly bounded on D. 

Proof Let us suppose that F{w)G{w)*G{w)F{w)* > rjI for all w e D. Then 

B{G*G){w) > Giw)*G{w) > r]{F{w)*F{w))-^. The key inequality here is 
G{w)*G{w) > r]{F{w)*F{w))-^, as this implies that 
B{G*G){w) > r}B{{F*F)-'^){w) and so 

{B{F*F){w)y^B{G*G){w){B{F*F){w))'^ 

>r]iB{F*F)iw))iB{iF*F)-^{w))iB{F*F){w))i. 

Thus as \ \{B{F* F){w))i B{G*G){w){B{F* F){w))^ \ < M for ah w, 



tr{B{F-\F*)-^){w)B{F* F){w)) 

< -C\\{B{F*F){w))'^B{G*G){w){B{F*F){w))i\\ KrjGM 
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and so 

\\BiF-'{F*)-')H)iBiF*F){w)i\\' 

= \mF-\F*r')iw))^B{F*F){w)iBiF-\F*)-')iw))^\\ 
< Ctr{B{F-^{F*)-^){w)B{F*F){w)) 

<-C\mF*F)iw))'^BiG*G){w)iBiF*F){w)y^\\ 
V 

where C and rj are constants independent of w. 

□ 

Definition 3.3. A dyadic rectangle Qj^k,i is a subset of the unit disk of the form 

{z = re'^ : {k - 1)2"^ <r< k2-\ {I - l)2i-^7r <0< , 
where j, k, I are non negative integers and k,l < 2^ . 




Lemma 3.4. There exists < r < 1 such that for all dyadic rectangles Q with 
positive distance to the boundary Q C D{zQ,r). Here, D is the pseudohyperbolic 
disk and zq is the centre of the dyadic rectangle Q. 



Proof. This is just Proposition 4.7 in [8]. 



□ 
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Lemma 3.5. // 

sup \\BiF-\F*)-^){w))iB{F*F){w)i\\ < oo, 

then 

sup II / {F*F)dA{z)y (i- / {F-'F*-')dA{z)y || < oo. 

Q-.dyadic L \Q\ Jq J L \W\ Jq ) 



Proof. If the dyadic rectangle Q is the whole disk, then as F*FdA{z) = B{F*F) (0) 
and Jj^F-^F*-^dA{z) = B{F-^ F*-^){0), we see that 



/ F*FdA{z)] ' ( f F-^F*-^dA{z)] 



B{F-\F*)-'){0)2B{F*F){0)2\ 



Now let us suppose that our dyadic rectangle Q has a positive distance from the 
boundary. By Lemma 13.41 our rectangle Q will be strictly contained in a pseudo- 
hyperbolic disk D{zq, R), zq being the centre of our dyadic rectangle and R being 
the same for each dyadic rectangle. Thus by Lemma |3. II 



{F-\z)F-^*{z))<^B{F-^F*-^){zq) 

and 

{F*{z)F{z)) < fjB{F*F){zQ) 

for all z in our pseudohyperbolic disk D{zq,R). Here the constant i] will only be 
dependent on R which is the same for all of these dyadic rectangles. 

Thus using the fact that if A, B and C are positive matrices such that A < B then 
< C^BC^ and triC^AC^) < tr{C^-BC^), we can deduce the following 
series of inequalities from our hypothesis: 



^/(f.f,.A(=,}'{^/(^-.f-.K4,.)r,. 
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^ " iwiIr'^'M' iwilr'''^'''] 



= Ctr(^{ry(i?(F-iF*-i)(zQ))}^|^^(F*^^)dA(z)|{ry(i?(F-i^^*-i)(zQ))}^ 

<Ctr({ry(i?(F~iF*-i)(zQ))}Mr/S(F*F)(zQ)}{M(F-i^^*-i)(zQ))}^) 

< C\\ [{viB{F-'F*-')izQ))y{vBiF*F)izQ)} {rjiBiF-' F*-')izQ))y) || 

< {(i?(F-iF*-i)(zQ))}Mi?(i^*^)(^Q)}^ II' < M. 

Note that C is a constant that possibly changes from hne to hne and is dependent 
on the dimension of C" only. M will be dependent only on the uniform bound of 
B{F~^F*~^){w)B{F* F)(w), the dimension we are working in and the constant R 
which is the same for each dyadic rectangle not touching the boundary. 
What happens when we have a dyadic rectangle that touches the boundary but is 
not the whole disk? We can see that the centre of the rectangle zq is at a distance 
of at least 1/2 from the centre, i.e. \zq\ > 1/2. Then 



BiF*F)izQ)^ I F*(z)F(z)|fc,J^(z)dA(z) 

c 

(l-kgl)^ 



> / F*{z)F{z)\k.Jz)\'dA{z)> , I F*{z)F{z)dA{z) 



by Lemma 4.5 in [5]. 

We can also see in this case that |Q| = 8|zq|(1 — |zq|)^ and so 

B{F*F){zq) >^^j^F*{z)F{z)dA{z). 
We can do the same for p^'^p*^'^ to get that 

B{F-^F*-'){zq) >^^j^F-\z)F*-\z)dA{z). 
We can then combine these and take the trace to see that 

< Actr (^{B{F-'F*-'){zQ)y ^ F* {z)F{z)dA{z) {B{F'^ F*'^){zq)] 
< Wc^tr (^{B{F-^F*-^){zQ)y B{F*F){zq) {B{F-^F*-^){zQ)y) 
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< C\\ {B{F-^F*~^){zq)Y {B{F*F){zq)Y)\\^ < M', 
where M' is independent of Q. 

□ 

If II \^j^jQ{F*F)dA{z)Y II < M for all dyadic rect- 

angles Q and some constant M, we will say that F*F has the matrix A2 condition. 
See ^15j for a similar notion of matrix weights. We will now find a characterization 
of such functions F in terms of the boundedness of certain averaging operators on 
the function space L'^{F*F). 

Theorem 3.6. If for F e Mnxn{L'^) the matrix F*F has the A2, condition then the 
averaging operators, f 1— s- XQ]^ Jq f{^)dA{z), are uniformly bounded on a dense 
subset L'^ljC") n L'^{F*F), Q varying over all dyadic rectangles. 

The proof here and of the next theorem follow the reasoning in Lemma 2.1 in 

m- 

Proof. Let R be the subspace {xQ—^^ ■ ^ G C"}. We can see that the orthogonal 

\Q\ ^ 

projection from i^(D,C") onto R is given by Pq : f 1-^ XQ]^ Jq f{^)'i^{^)- So 
we want to show that these projections arc uniformly bounded with respect to the 
L'^{F*F) norm. Clearly, 

II D II \\\PQf\\LHF'F) 

II^qI|l2(f-f) = sup 1 -mTTi 

{/eL2nL2(F-F):||/||^2(p.F,7iO} I II./I|l2(F-F) 

If we let S denote the orthogonal complement of R in L^, then / = /i + /2, 
where fi £ R and /2 G S" = n L'^{F*F). Thus the expression for the norm of the 
projection will become 



1 1/1 1 U^(F*F) 

{/i+/2eL2nL2(F-F):||/||^2(_p._p)#0} I ll/l + /2||l2(F-F) 



sup 



sup » ^ 

{eeC":e5:tO} mf {/a GS} I IXQ — + /2 1 1 (F* F) 



\\XQ-^(i\\L-^(F'F) 



sup 



IIXQ^e||i2(;..j.) 



{eec^-.^^o} / 1 



distL2^p.p-^ I XQ-^e,S' 



So let us take a look at dist]^2(p,p) xo — re, 5" 

V IQ|2 

distp2^p,p^ (xQ-^e,S'] ^dtstL2 ({F*F)hQ-^e,{F*F)^S' 

\ IQp / V IQh 

sup /(F*F)hQ-^e,h 

{he((F*F)^S')":||.|| = l} \ 1^1' / 
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(F*F)-i exists as wc have the via condition. Note that ({F*F)^S'Y = ({F*F)-^R^ 



Then we can see that: 



dist 



L^(F'F) I XQ 



-e,5'U 



sup ( (F*F)5xQ-^e,/i 

[h&{{F'F)-hRy.\\h\\=i] \ \^\^ 



sup 

geC":||(F*F)-^XQ— ^-g||<l 



{F*Ff^XQT^e, (F*F)-^XQ^g 



sup < (F*F)5xQ-^e,(F*F)-5xQ-^g 

{geC":^/Q((F*F)-ig,g)<l} \ IQP IQP 



sup 



{geC'':^/Q{(F*F)-ig,g)<l} \ |<9h l<3| 



sup \e,<: / F ^F* Ixqtt^ 

{heC":||h||<l} \ Ud 1^1 



1 i?*-i 



Let us now put this equivalent expression for the distance back into our expres- 
sion for the norm of the projection in L^{F*F); 



\\PQ\\L^iF'F)^L^F'F) = SUp 

{eeC":e7^0} 



IIXQ^e|U.(^.^) 



distL^F'F) { XQ-^e,S' 



sup 

{eeC":e5^0} 



\\XQ-^e\\L2^F'F) 



sup 

{eeC":e7^0} 



sup < 

{eeC":e#0} 



1 

W\JQ 



^ ( 1 

W\JQ 



F*F ;><!---/ F-^F*-! 



□ 
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Lemma 3.7. // the averaging operators 9 '-^ XQj^\ Jq 9{^)'^-^{^) o-'''^ uniformly 
hounded on L^(|/|^) over Q dyadic, then |/|^ has the scalar A2 condition. 

Proof. Again we can see that the averaging operator 9 '-^ XQ]^ lQ9{^)dA{z) is 
the projection P : L"^ ^ ^o^t-C We are working as before on the dense subset 

^|Q|2 

i^(C) n Z/^(|/p). If we assume that |j|2 is bounded then we can as before show 
that 

distL^(\f\2){xQ--^z,S') 
where \z\ = 1. 

So if we drop this assumption on jj^ but instead use jjj^ipj for e > 0, then we 
can see that 





1 

2 






1 

2 


[L\f?^'^\Q\. 


Z 









distL^\f\^){XQT^z, S') = hnidisti2(,j|2+,)(xQ-^x;,5') 

|Q|2 e^O |Q|2 





r 1 


1 

2 


.\Q\I 







= hm 

where S' is the intersection of the orthogonal complement of XQ ^ 1 C with L^(|/p) 
and \z\ — 1. 



As the norm of our bounded projection P is 



eC:27^o!|^|=i 1 distL2Qf\2^{xQ--^z,S') ( zeC:zjio,\z\='^] ^*^*i'^(l/P)(XQ-rT:^. 'S'O 



sup 



\\xQ-^\\Lmm 



IQI' 



we know that rfzsti2(|j|2) (xq^!-^^, 5') is nonzero for nonzero z and hence 



Um 



\Q\jQ\f?- 



and so by the Monotone Convergence Theorem 



< 00 



IQlJQlf? 



< 00 



and 



disfi2(|/|2)(xQ-^z,5') 



where \z\ = 1. 
Thus 



\Q\ Jq I/P, 



IIXQj^^iU^(|/P) 
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which is uniformly bounded as required. 

□ 

Compare the next lemma with Lemma 3.6 in |15| . 

Lemma 3.8. // F*F has the A2 condition, then trace{F* F) has the scalar A2 
condition. 

Proof. We will show that each element on the diagonal of F*F has the scalar 
A2 condition. We can then deduce that the sum of these will also have the A2 
condition. Firstly we know that if F*F has the A2 condition, then the opera- 
tors / 1-^ xqj^i Jq f{z)dA{z) are uniformly bounded on L^{F*F), f e i^(C"). 

So if we take g G L'^{D) n ^^(o^ (i^*i^(o, . . . , 1, . . . , Q), (0, . . . , 1, . . . , 0))) where 

{F*F{0, . . . , 1, . . . , 0), (0, . . . , 1, . . . , 0)) is the scalar valued function 

z ^ {F*{z)F{z){0, . . . , 1, . . . , 0), (0, . . . , 1, . . . , 0)) . Then note that g{0, . . . ,1, . . . ,0) ^ 

XQ|^ Jq g{z){0, 0)dA{z) is uniformly bounded between L^(S}, C"), this 

implies that g 1— > XQj^ Jq 9{^)dA{z) is uniformly bounded with respect to the 
scalar measure {F*F{0, . . . , 1, . . . , 0), (0, . . . , 1, . . . , 0))(-.„ , which will be whatever 
diagonal element of F*F we want. Thus by the previous lemma the trace of F*F 
will have the scalar A2 condition. 

□ 

Compare this next lemma with Lemma 4.9 in [8], Lemma 2.5 in [6] and also 1.7 
on page 196 of [TB]. 

Lemma 3.9. // a scalar valued function |/p has the A2 condition and for some 
Q < 5 < 1 then for each dyadic rectangle Q and E G Q such that \E\ < S\Q\ we 
have that fi{E) < X^{Q) for some < A < 1 where c?/i — \ f\'^dA and X only depends 
on S and the A2 constant of 

Proof. 




by our A2 condition on |/p this equals 




-1 



so we know that 
and thus 

\Q/E\^ ^ njQ/E) 

\Q\' - KQ) ■ 
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Now we know that |^ < (5 < 1 from our hypothesis, this imphes that ^^^p > 
1 — S > 0. So we can now deduce that 

n-Sy 1\Q/El i4Q/E) 

^ C -C - MQ) ■ 

This lets us now see that 

_ /x(Q) _ f^{Q/E) + i,{E) ^ iijE) (1 - 6f 

and hence 

H{Q) - C ■ 

□ 

The following lemma will be crucial to our application of the A2 condition. 

Lemma 3.10. If F* F has the A2 condition and J is a strictly positive matrix then 
JF*FJ will have the A2 condition. The A2 constant of JF*FJ will depend on the 
A2 bound of F*F and the dimension only. 

Proof. 




(where the constant C depends only on the dimension.) 




C" again depending only on the dimension, thus giving us our result. 

□ 



Definition 3.11. The dyadic maximal operator Ma is defined by 

(Ma/)H = sup ^ / \f{z)\dA{z), 

where the Q are dyadic rectangles and f G L'^. 

Theorem 3.12. (The Calderon-Zygmund Decomposition Theorem.) Let f G L^{I}), 
if we have t > such that the set A = {z G D : M/^fiz) > t} is not the whole of 
P, then we can decompose A into a disjoint union of dyadic intervals Qi such that 
*< \fi^)\dAiz)<8t. 
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Proof. The proof of this is exactly as in [6] and [8]. □ 

Compare this next lemma with Proposition 4.14 in [8]. 
Lemma 3.13. The trace ofF*F satisies the following; 
(1) 

tr{F*F) < MAtr{F*F) 

on D and 

(2) 

tr{F*{z)F{z))dA{z) < MAtr{F*F){0) < (4/3)^ / tr{F* {z)F{z))dA{z). 



Proof. (1) This follows from Proposition 4.14 in [8J. We just need to note that 
tr{F*F) is continuous and the proof works as it is. 
(2) D is a dyadic rectangle containing so 

MAtr{F*F){0) >j^[ tr[F*{z)F{z))dA{z) = / tr{F* {z)F{z))dA{z). 



Let us take a dyadic rectangle Q containing which is not the unit disk. 
We know that Q will be contained in the pseudohyperbolic disk -D(0, i). 
Let e e C", then as F G L^^C"), 

{F{u)e,F{u)e)^\\F{u)e\\l^ 



= \\J Fiz)Ku{z)dA{z)e\\i„ < \\F{z)e\\\Kuiz)\dA{z) 

< J {Fe,Fe) dA{z)\\K^{z)\\l, ^ (^j F* {z)F{z)dA{z)e,eY\K^{z)\\l.^ 
So 

2 - /■^^^ 1 



F*{u)F{u)< F*{z)F{z)dA{z)\\Ku\V2< F* {x)F{x)dA{x 



F*{x)F{x)dA{x) 



3 



on each Q containing which is not D. 
So 

tr{F*{u)F{u))<tr((^ ( F*{x)F{x)dA{x) 



for u E Q. Hence 



±J^tr{F*{z)F{z))dA{z) 
- it) I HF*{x)F{x))dA{x) 
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and so 

MAtr{F*F){0) < (4/3)^ / tr{F* {z)F{z))dA{z). 

□ 

The proof of the following theorem follows the lines of of Theorem 2.1 in [6] and 
Theorem 4.1 in It contains the key to the proof of Theorem 1 1.41 i.e. the reverse 
Holder property. 

Theorem 3.14. IfF*F satisfies A2, then there exists e > such that J {tr{F* {z)F{z)))^+''dA{z) < 
C J {tr{F* {z)F{z)))dA{z)^^'^ with C and e dependent only on the A2 constant. 

Proof. For each k define 

Ek^ Izen: MAitr{F*F))iz) > 2'^^+^ f {tr{F* {z)F{z)))dA{z) 
By Lemma [3. 131 we can see that 

MAtr{F*{Q)F{Q)) 
< (4/3)2 / tr{F*{z)F{z))dA{z) <2^''+^ f tr{F* {z)F{z))dA{z) 



for all k. So we know that each Ek is not the whole disk (as is not contained in 
it) and hence we can do a Calderon-Zygmund decomposition. So for each Ek we 
have a disjoint union of dyadic rectangles Qi whose union is equal to E^ and 

2^^+' f {tr{F*{z)F{z)))dA{z) < ^ / tr{F* {z)F{z))dA{z) 

< 24('=+i) f {tr{F*{z)F{z)))dA{z). 
Jo 

Two inequalities we will use from this are; 

-1 

■,-4fe-l 



m < 2-^^-^ |y^(ir(F*(z)F(z)))dA(z)| tr{F*{z)F{z))dA{z) 
and 

' tr{F*{z)F{z))dA{z) <\Q,\2^^''+^^ ( {tr{F*{z)F{z)))dA{z). 



We now take a maximal dyadic rectangle Q in (which is larger than Ek) 

and note that 

QidQ 

(where the Qi denote the maximal dyadic rectangles in E^) 

< 2-^''-^[ [ {tr{F*{z)F{z)))dA{z)\ f tr{F* (z)F{z))dA{z) 

<2-^''-^ I^J {tr{F*{z)F{z)))dA{z)^ J tr{F* {z)F{z))dA{z) 
due to the dyadic decomposition of E^ . 
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But as Q is also part of a Calderon-Zygmund decomposition (this time for Ek~i) 
we can also see that 

tr{F*{z)F{z))dA{z) < \Q\2^'' [ (tr(F* 
I Jo 

Putting the last two inequalities together we see that 

\EknQ\ 

< 2"'"=-i ( / {tr{F*{z)F{z)))dA{z)\ \Q\2^'' f {tr{F* {z)F{z)))dA{z) 



= \\Q\- 

We are now in a position to use Lemma as tr{F* {z)F{z))) satisfies the scalar 
A2 condition and \EkC^Q\ < \\Q\- So with i being our 5 in 13. 9[ we can deduce 
that 

^x{Ek n g) < mq) 

for some < A < 1 independent of k, with d^{z) = tr{F* {z)F{z)))dA{z). We can 
now sum over all maximal dyadic rectangles in E^-i and see that 

Q Q 

Let us take a moment here to note that A depends only on our A2 bound of 
tr{F* {z)F{z)), (we can see this from Lemma [3. 9p . and that this A2 bound is con- 
trolled by the matrix A2 bound for F*F and the dimension. 

We have established that for each fc > 1, n{Ek) < Xfj.{Ek-i) and so 

fi{Ek) < AV(i^o) = A*^ /" tr{F*{z)F{z))dA{z) < \^ ( tr{F* {z)F{z))dA{z). 
Jeo Jo 

Now let us move on and look at Jj^tr{F* {z)F{z)Y^'^dA{z) for some e > 0. 
From Lemma [3TT3I we know that tr{F*F){z) < MAtr{F*F){z) on the disk so 



tr{F*{z)F{z)y+''dAiz) < / tr{F* {z)F{z)) {MaHF* F){z)y dA{z) 

tr{F*{z)F{z)) {MAtr{F*F){z)Y dA{z) 

x:M^tr{F' F){x)<J^tr(F' F{z))dA(z) 

+ [ tr{F*{z)F{z)){MAtr{F*F){z)Y dA{z) 

< |y"tr(F*F)(z)| +^2(4(''-+i)+i)^ |y"ir(F*F)(z)dA(z)| ii{Ek) 
< ( / tr{F*F){z)\ ^ + 



2(4(fc+i)+i)^ I f tr{F* F){z)dA{z)\ f tr{F* F){z)dA{z) 
,, VJo J Jn 
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If we choose e such that < X2*'^ < 1 then this wiU become 



tr{F*F)iz)} 1 + 2 



1 - A24^^ 

thus for any < e' < e our reverse Holder inequahty wiU hold. 



□ 



Corollary 3.15. If F*F satisfies A2 and J is a positive matrix then there exists 
e > such that J{tr{JF*{z)F{z)J))^+'dA{z) < C^{tr{JF*{z)F{z)J))dA{zf+'. 
The same e and constant C hold for all positive matrices J and e depends only on 
the dimension and the A2 constant of F*F. 

Proo/. This follows from EH and Eini □ 

3.2. Proof of Theorem 11.31 Two easy lemmas follow before the proof of the 
Theorem 01 



Lemma 3.16. Let F and G he matrices consisting of Bergman space i^(D) func- 
tions. If FG*GF* > rjl andTpTQ- is hounded, then the Toeplitz product TpTq- is 
invertihle. 

Proof F*GG*F > tjI implies that G*-^ F-^ F*-^G-^ is bounded and so the oper- 
ator TQt-ip-i = Tq,-iTp-i is bounded. It remains to note that 

{TpTG,)TG.-iTp-iF[k^, 0, 0, . . .) = F(fc„, 0, 0, . . .) 

and 

TG'-iTp-i{TpTG.){kn,,Q,Q, . . .) = (fc^,0,0,...), 
and that these also hold for (0, . . . , /c^,, . . .). This implication holds because the 
linear spans of {F(0, . . . , fc^,, . . .)} and {(0, . . . , k^, . . .)} form dense subspaces. □ 

Lemma 3.17. // the trace of a positive matrix A is less than some constant A > 
then A < GI for some constant G > depending only on A and the dimension, I 
heing the identity matrix. 

Proof. Trivial. □ 



Proof of Theorem \1.3[ "<^" From Lemma [3.51 we know that F*F satisfies our A2 
condition. Then by Corollarv l3.151 



(3.1) {tr{{{G*G){x))nF*F){z)iiG*G){x))-^)y+^dAiz) < 



C / {triiiG*G){x))HF*F)iz)iiG*G)ix))-^))dAiz) 



l+e 



holds for all a; G B with some e > and a constant G independent of x. Note here 
that we need to use the fact that G*G is strictly positive. 
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We can also see that G*G satisfies our A2 condition, so a similar reverse Holder 
will hold; 

tr {^j {F*F){z)dA{z)Y {G*G){x)\^j ' ^ ^ dA{x) 

-^{l (G*G)(x) |y'(F*i^)(z)dA(z)|'^^ 

So let us set e = min {e, e'} . 

Thus integrating both sides of the reverse Holder inequality p.ip with respect 
to x, we get 

" ''(M((G*G)(a;))^(F*F)(z)((G*G)(a:))^))i+^dA(z)dA(x) 
<cj y MiiG*GKx))HF*F)iz)iiG*G){x))^))dA{z)y^ dA{x) 
= cj (^ir(^((G*G)(x))^ JiF*F){z)dAiz)iiG*G)ix))^^J^\Aix) 

^Cj (^tr(^yiF*F){z)dAiz)yiG*G)ix)y{F*F)iz)dA{z)y]i^ dA{x) 

and so as G*G also has the A2 condition, we can use our reverse Holder again 
to see that this last expression is less than or equal to 

(^tr(^y{F*F){z)dA{z)y{G*G){x)yiF*F){z)dA{z)yJjdAix)^ , 

where as usual G is a constant that possibly changes from line to line. 

By the Mobius invariance of the Berezin transform page 143) we see that 

(tr(((G*G)(a;))^(F*F)(z)((G*G)(a;))^))i+^|A;^(a:)|2|A;^(z)|2dA(2)dA(a;) 

< Gitr{{B{G*G)iw))^B{F*F){w){B{G*G){w))^))^+' < GM'+'. 
Hence by Theorem 11.21 we can see that the Toeplitz product TpTc is bounded. 
The invertibility of this Toeplitz product follows from Lemma 13.161 



"=>" If TpTc* is bounded and invertible, we know from Theorem 11.31 that 
tr{B{F* F){w)B{G*G){w)) is uniformly bounded and that TpTc- is bounded be- 
low. Thus in particular 

J {TFTG'k^e,TFTG*k^e) dA{z) > 7] J {k e) dA{z) = T] (e,e) 

for all vectors e G C". We know that TpTck^ = F{z)G*{w)ky^{z) and so we 
deduce that G{w)B{F* F){w)G* {w) > rjL From the fact that \\{TfTg')*\\ is also 
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bounded below we can see that F(w)i3(G*G)(w)F*(w) > rjl. From these we deduce 
the foUowing; 

B{G*G){w) > T]F-^{w)F*-^{w) 

and 

B{F*F){w) > riG-^G*-^{w) 

which lets us SCO that 

{G-^G*-^{w)y B{G*G){w) {G~^G*-\w)}^ 

>r]{G-^G*-\w)y F-\w)F*-\w) {G-^G*-\w)y 

and also 

{B{G*G){w)}^ B{F*F){w) {B{G*G){w)}i 

>r]{B{G*G){w)}^ G-\w)G*-\w) {B{G*G){w)}^ , 

thus 

tr{B{G*G){w)B{F*F){w)) = tr{{B{G*G){w)y B{F*F){w) {B{G*G){w)y) 

> r]tr{{B{G*G){w)}^ G'^G*'^ {B{G*G){w)}^)) 

= r]{tr{{G-^G*-\w)y B{G*G){w) {G'^ G*'^ {w)y )) 

> f]\tr{{G-^G*-\w)y F-\w)F*-\w) {G~^G*-\w)}^)). 

Thus as tr{B{G*G){w)B{F*F){w j) is uniformly bounded, 
tr{G*^^ {'w)F^^ {'w)F*^^ {w)G^^ (w)) is uniformly bounded, by A ,say, and so 
G*-^{w)F-\w)F*-^{w)G-^{w) < X'I,which.giYesvisthat F{w)G*{w)G{w)F*{w) > 

□ 

Acknowledgment. I wish to thank S. Pott for introducing me to this problem 
and discussing various ideas involved. 
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